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Abstract The harmonic emission of the asymmetric charged
molecule HeH*" ion is theoretically investigated by solving
the one-dimensional-time-dependent Schrédinger equation.
Results show that the laser-induced electron transfer process
between the vibrational state and the ground electronic state is
responsible for the resonant peak on the harmonic spectrum,
and that the two ionization pathways are behind the two iden-
tified cutoff energies. In addition, by optimizing the asymmet-
ric harmonic emission, the generations of the ultrashort
attosecond pulses are also discussed.

Keywords Isolated attosecond pulse - Laser-induced electron
transfer - Molecular high-order harmonic generation -
Vibrational state effect

Introduction

High-order harmonic generation (HHG) has been extensively
investigated in literature [ [-9] due to it being a good candidate
for generating coherent attosecond (1las=10"" 89) pulses [1-3]
and for studying atomic and molecular structures and dynam-
ics [4, 5, 10—14]. Currently, the HHG process from atoms can
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be well understood by means of the well-known semi-classi-
cal ‘three-step’ model [15], where the electron is initially ion-
ized from the ground state, then accelerated by the laser field,
and finally returned to the ground state to recombine with the
parent ion. Consequently, HHG photons are released, forming
a supercontinuum with the maximum harmonic energy E ., .,=
I,+3.17U,,. I, is the ionization potential and U, is the
ponderomotive energy of the free electron in the laser field
(U],:ezEz/4mew2). However, when molecules are considered,
the information in the molecular high-order harmonic gener-
ation shows a more complicated phenomenon compared with
the atom cases due to its additional degrees of freedom and
more complicated molecular structure [16, 17]. In particular, it
can be separated into two categories: (i) the symmetric mole-
cule [18, 19], i.e., Hy, H,", etc., showing a similar harmonic
characteristic as atoms; (i) the asymmetric molecule [20-30],
i.e., HeH*", HCI", etc., exhibiting the extra resonant peaks and
the new cut-off energies [26-28]. This is because the electron
prefers locating at one nucleus in asymmetric molecules and
the electrons recolliding with neighboring nuclei can also oc-
cur [26-28]. For instance, by using the one dimensional-non-
Born—Oppenheimer (NBO) model, Miao et al. [29, 30] theo-
retically investigated the asymmetric harmonic generation of
the HeH*" and reported six recombination channels on the
harmonic emission process.

However, most of the previous theoretical investigations
[20-28] on the asymmetric molecules were mostly based on
the Born—-Oppenheimer approximation (BOA) and
disregarded coupling between electronic and nuclear wave
packets. However, this coupling has been demonstrated to
sufficiently affect electronic dynamics, and thus, should be
included in studying coupled electron—nuclear motion [31,
32]. Therefore, a full-dimensional simulation that simulta-
neously considers the nuclear and electronic dynamics with-
out BOA is preferred for more accuracy. However, it is too
expensive to apply the full-dimensional calculation to do the
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investigation in the present paper. Thus, we use physical rea-
soning and intuition to reduce the dimensionality to a man-
ageable scale that also retains the essential physics of the
problem [33]. Thus, in this paper, we further investigated the
asymmetric molecular harmonic emission of the HeH*" by
adopting the one dimensional (one dimensional nuclear mo-
tion and one dimensional electronic motion) non-Born—
Oppenheimer (1+1D-NBO) model. Our results showed an
intense resonant peak, which is blue shifted in comparison
with the BOA model, and two identified cutoff energies.
Further analyses showed that the blue shift resonant peak is
caused by the laser-induced electron transfer between the vi-
brational state and the ground electronic state. While the two
identified cutoff energies were caused by two different ioni-
zation pathways. Finally, by optimizing the laser parameters,

l_@zp(z,R,t) 1 & 1 &

o | w02 2uyoR’

an ultrashort attosecond pulse with duration of 56 as was
generated.

Methods

In our simulations, the HHG spectra from HeH>" can be cal-
culated by numerically solving the 1+1D-NBO-time-depen-
dent Schrodinger equation (TDSE) [33, 34]. In this model, the
polarization direction of the laser pulse coincides with the
nuclear axis of the molecular ion and with the restricted elec-
tronic motion. In the dipole approximation and length gauge,
the TDSE is given by, (atomic units are used throughout this
paper unless stated otherwise):

+ V(z,R) + kzE(t) + ERE(t) | (2, R, 1), (1)

where k=1+1/(m,+my+1) and £=(m,-m,)/(m,+my) (m, and
my, are the masses of the He>* and H' nuclei, respectively).
(z,R) = Z1Zo/R-Z1/\/(z+ Ry) 2 + 0.5-Z5//(z—R2) % +
0.5 is the soft Coulomb potential, where Z;=2 and Z,=1 are
the effective charges of the two nuclei, and R;=[my/(m,+
myg)]R and R,=[m,/(m,+my)]R are the locations of the two
nuclei. The most important features of this soft Coulomb po-
tential are as follows: (1) it falls off like the true Coulomb
potential at a large z value, and (2) the physical characteristics
of this model allow realistic investigations of the behavior of
HeH?" ion in a laser field as previously proven [26-28]. uy=
m,my/(m,+my) and u,=(m,+my)/(m,+my,+1) are the re-
duced masses of the nucleus and the electron, respectively. z
and R are the electronic coordinate and the internuclear dis-
tance, respectively, which are defined by —100 a.u.<z<100a
.. and 0 a.u.<R<30 a.u. with the spatial step Az=0.2 and
AR=0.1. The time-dependent wave function v(z,R,?) can be
propagated using the standard second-order split-operator
method [35-38], with the initial wave function being ;i
(@, R, 0)=p(R,D)X2ps(2,1), Where p(R,f) and x»,,(z,1) are the
wave functions of the initial vibrational state and the
electronic state, respectively. Here, because the Iso
ground state is repulsive, the 2po excited state is chosen
to be the initial electronic state. The laser field is
expressed as:

E(1) = Eoexp|~4In(2) (=T oot /2)" /7] cos(wot + 6), (2)

where Eg, wy, T, @, and Ty, are the amplitude, frequency,
pulse duration carrier—envelope phase (CEP), and total pulse
duration (Ty=2.75%7) of the laser pulse. The harmonic
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spectrum S(w) is obtained by Fourier transforming the time-
dependent dipole acceleration a(t), as follows:

T 2
1 .

S(w) = |—= [ a(t)e ™'dt| , 3

@ = | / g ®)
where a(t) can be given by means of Ehrenfest’s theorem [39],
as follows:

oV (z,R
) = (v LER LB v r0). @
Z

Finally, the attosecond pulse can be obtained by harmonic
superposing as follows:

iquwot
E aqe
q

2

I(f) = (5)

where q means the order of the harmonic spectra and
Total
ag = (f) a(t)e 4tdy,

Results and discussion
Resonance in HHG spectra

Figure 1a shows the HHG spectra from the 1+1D-NBO model
(solid black line) and the BOA model with internuclear dis-
tance R=4.0 a.u. (solid red line). The laser parameters are 5 fs/
800 nm, 1o=1.0x10"> W/cm?, and ¢=0°. The initial
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Fig.1 (a) The HHG spectra of HeH>" from the 1+1D-NBO model (solid
black line) and the BOA model with R=4.0 a.u. (solid red line). The laser
field is 5 £5/800 nm, I,=1.0x10'> W/ecm?, and @=0°. (b) Ionization
probabilities of HeH>" ion from the 1+1D-NBO model (solid black line)
and the BOA model (solid red line). o.c. means the optical cycle of
800 nm pulse in all the following figures unless stated otherwise

vibrational state is chosen to be vibrational ground state (v1).
It shows that the HHG spectra from the two models are quite
different. In particular, (i) the harmonic yield of the BOA
model is higher than that of the 1+1D-NBO model. We know
that the harmonic yields are strongly dependent on the ioniza-
tion probabilities [40]. Thus, in Fig. 1b, we present the ioni-
zation probabilities of the above two models. Clearly, we see
that the ionization probability of the BOA model is higher
than that of the 1+1D-NBO model becuase it overemphasizes
the role of the atomic core, which is responsible for the differ-
ent harmonic intensities of the two models. (ii) There is one
resonant peak in the harmonic spectra around the 19th and
30th harmonic orders for the BOA and 1+1D-NBO models,
respectively. We know that the resonant peak has been

previously linked to laser-induced electron transfer process
[26-28]. In particular, the electrons populated on the excited
states through enhanced excitation, which may transit back to
the ground state and emit photons when the laser field changes
its direction, and a strong resonant peak appears around the
harmonic order corresponding to the energy gap of Exs—Egs
(Egs and Egg are the energies of the excited and the ground
electronic states of the system). Thus, to explain the resonant
peaks mentioned above, we calculate the electronic energies
of the 1so ground and 2po excited states of HeH?" at the
internuclear distances of R=3, 4, and 5 a.u, as shown in
Table 1 along with the corresponding data from ref. [41].
Through analyzing Table 1 and ref. [41], we see that the res-
onant position around the 19th harmonic order in the BOA
model is consistent with the energy difference between the
2po and 1so states. However, for the 1+1D-NBO model, we
failed to find a proper electronic state responsible for its cau-
sation. However, since we know that the NBO model contains
the nuclear motion, thus, we suppose whether the blue shift
resonant peak in NBO model is caused by the nuclear motion.
To illuminate it, the energy of the vibrational ground state of
the 2po state (E,;=—0.528 a.u.) has been calculated. Clearly,
the energy difference between the first vibrational state and the
Iso electronic state are nearly 30w, which is in good agree-
ment with the position of the resonant peak in the 1+1D-NBO
model. It should be illuminated that the electron transfer be-
tween the vibrational state and the ground electronic state
should be occurred at arbitrary internuclear distance during
the laser interaction. However, the maximum transfer proba-
bility should be around the equilibrium internuclear distance
(R=4.0 a.u. for the HeH*"), which is called the enhanced
excitation (EE) process [42, 43]. Thus, we choose the R=
3.0 a.u.-5.0.a.u. to depict the ground electronic state energy
used in NBO model. Clearly, from the above analyses, the
nuclear motion plays an important role in the asymmetric mo-
lecular harmonic emission. It is noted that there is another very
small resonant peak around the 19w on the 1+1D-NBO mod-
el. We think this small peak is caused by the model limitation.
Because in the 1+1D-NBO model, the HeH*" becomes a three
body problem, we can not separate the wave function as the
single electronic state without the vibrational state (or the sin-
gle vibrational state without the electronic state). Thus, we can

Table1 Electronic energies (in a.u.) of HeH*" at internuclear distances
R=3,4,and 5 a.u

R Elsc EZpO‘ EZpG_Elscr
—2.35 (-2.34) -1.19 (-1.17) 203wy (20.5wp)
—2.25(-2.25) -1.14 (-1.03) 19.5wq (21.4wp)
~2.20 (-2.20) ~1.11 (-0.92) 19.1wg (22wy)

The data in brackets are taken from ref. [41]
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not explain this 19w, resonant peak the same as the BOA
model. In addition, we also can not find a proper laser-
induced electron transfer vibrational state for this 19w, reso-
nant peak. Moreover, according to the former investigation
[44], the additional virtual states in the 1D soft-core potential
do have an effect on the harmonic emission. Therefore, we
think the limitation of the 1D model is responsible for this
small 19w, resonant peak on the NBO model.

Cutoff energies of HHG spectra

Another interesting feature of the 1+1D-NBO HHG spectra
shown in Fig. 1a is the two identified cutoff energies, that is,
Ecutoffl =1 62(,()0 (Ip(l SU)+ 3.1 7Up) and Ecutoff2 = 132(U0
(I,(2po-v1)+3.17U,). To identify and study these two har-
monic emission cutoffs, in Fig. 2, we present the Coulomb
potential of HeH”". We know that the Iso state is mainly
localized on the He*" (z<0), while the 2po state is mainly
on the H" (z>0) [26]. Due to the average lifetime of the 2po
excited state (4 ns) [24] is significantly longer than the total
pulse duration (2.75 %7t =13.75 fs), thus resulting in compara-
ble created populations (because of laser—-molecule interac-
tions) on the 1so ground and 2po excited states. Thus, the
two ionization channels, which ionize from the 1so or 2po
states and coexist during the ionization process, are responsi-
ble for the two identified cutoff energies.

To better understand harmonic emission process, in Fig. 3,
we present the time-frequency distributions of HHG spectra,
obtained by using the wavelet transformation of the dipole
acceleration a(t) [45, 46]:

A(t,wo) = / a(t’)mw(wo (t’—t))dt’ (6)

where W(wo(f—1)) is the Morlet wavelet with the formula of:

) = (g et )

(67

where «=30 in our calculations. Clearly, there are many emis-
sion bursts on the harmonic emission process and each burst
denotes one electronic recombination process [15]. According
to Miao et al.’s results [29, 30], we know that there are six
harmonic emission channels for the HeH>" ion. Particularly,
(i) He*' »e—He?", He?' >e—H" ionize from the nuclear
He”" (the 1st ionization pathway shown in Fig. 2); (i) H —
e—H', H'—e—He*" ionize from the nuclear H" (the 2nd
ionization pathway shown in Fig. 2); (iii) the laser-induced
electron transfer between the He—H—He and H—He—
H. As illuminated before, the initial state of HeH”" is prepared
in the 2po state. Thus, the intensities of the recombination
channels originating from the nucleus H" will be much stron-
ger than those from the nucleus He?". Moreover, we know that
the laser-induced electron transfer belongs to intermolecular
transition. Thus, the emitted harmonics should be the lower
orders. Now, from analyzing the time-frequency harmonic
emission bursts shown in Fig. 3, we see that the bursts inten-
sities of channels 3 and 4 are much stronger than those of
channels 1 and 2. Moreover, the harmonic cutoff of channels
5 and 6 are much lower than those from the others. Therefore,
we see that channels 1 and 2 are the He?" —e—He?", He* ' —
e—H" processes; channels 3 and 4 are the H —e—H",
H'—e—He”*" processes; channels 5 and 6 are the He—
H—He, H—>He—H processes, respectively. These are the
main reasons behind the two identified cutoff energies and
the harmonic characteristic shown in Fig. 1a.

To clearly map the electron motion between these two nu-
clei, the time-dependent-electron-nuclear density [1(z,R,?)|*

Fig. 2 A simple model for the
electron transfer process 0.0

-1.0

-1.5 4

-2.0

Potential energy (a.u.)
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1st ionization pathway
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Fig. 3 Time-frequency harmonic
distribution for the 1+1D-NBO 200
model
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has further been calculated at t=0, 6 fs and 10 fs, the corre-
sponding results are shown in Figs. 4a-c. Clearly, at =0, the
electron is almost localized on the H" nucleus (z>0, Fig. 4a),
and the electron begin to transfer between these two nuclei
when the electronic field of the laser interacts with the mole-
cule. In Fig. 4b and c, we can see that the electron density
around the H' nucleus is much denser than that around the
He?" nucleus, which means that the probability for the elec-
tron to be ionized from the H" nucleus (2po state) is much
larger than that from the He?" nucleus (1so state).

General characteristics of the asymmetric molecule HeH*"

The HHG spectra of the HeH?" ion irradiated by a laser pulse
with different intensities [Iy=1.5x10"> W/cm?, 2.0x10"

Fig. 4 The time-dependent-
electron-nuclear-density at (a)
t=0 fs, (b) t=6 f5, (¢) t=10 fs

Electron position z (a.u.)

5 10

2 3 4 5
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W/em? with Ag=800 nm, Fig. 5a] and different wavelengths
[Ao=400 nm—-700 nm with I,=1.0x 10" W/cm?, Fig. 5b] are
presented in Fig. 5. All the aforementioned characteristics are
found in the calculated spectra, thus indicating that these phe-
nomena are general for the asymmetric charged molecule
HeH?" interacting with the normal infrared or visible laser
field.

Isolated attosecond pulse generation

One of the most important applications of HHG is generating
isolated attosecond pulses. Hereafter, we will discuss the gen-
eration of isolated ultrashort attosecond pulses from the asym-
metric charged molecule HeH*". The laser pulse intensity is
set at [,=2.0x10"> W/cm?.
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& = -5.000
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Fig. 5 (a) The HHG spectra of the HeH>" ion from the 1+1D-NBO
model at different pulse intensities of Ty=1.5x10'> W/cm? (solid black
line) and 1y=2.0x 10" W/cm? (solid red line). (b) The HHG spectra of the
HeH?" ion from the 1+1D-NBO model at different wavelengths of Ag=
400 nm (solid black line), 500 nm (solid red line), 600 nm (solid blue
line), and 700 nm (solid dark cyan line). Other parameters are similar to
those in Fig. la

Figure 6a (left column) shows the harmonic spectra as a
function of the CEPs (—180°< ¢ <180°). Clearly, the harmonic
spectra are strongly dependent on CEPs. An increase in CEP
value significantly extends both the maximum (solid orange
line) and second maximum (solid black line) cutoff energies.
This situation is not advantageous for the formation of an
ultrabroad supercontinuum (the difference between the maxi-
mum and the second maximum harmonic cutoffs). Moreover,
the large modulations on the corresponding HHG spectra are
also unfavorable for generating an isolated attosecond pulse.
Through our calculations, we have found two proper CEPs,
@=0° and @=60°, which have resulted in the 178 eV and
180 eV bandwidths with less modulations as shown at the
right column of Fig. 6a (the other harmonics are not shown
due to the larger modulations on the harmonic plateau). Until
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now, the above single laser field can generate an isolated
attosecond pulse. However, we know that the broader and
smoother harmonic plateau we get, the shorter attosecond
pulse will be obtained. Thus, to improve the attosecond gen-
eration, we use the controlling field scheme to further extend
the harmonic cutoff. First, we have applied a two-color
scheme in the region where the 5 fs/800 nm pulse is combined
with a normal infrared field (400-2000 nm). The results are
inconclusive because the large interferential structures are
present in the calculated harmonic spectra (not shown in this
paper). Next, we have attempted to add a static field on the
5 £s/800 nm laser field but the aforementioned interferential
structures remain, which is unbeneficial to the isolated
attosecond selection [47], as shown in Fig. 6b. An example
is the case of ri=0.2, where ri represents the relative strength
ratio between the static field and the fundamental 800 nm
field. Then, we have attempted to add a chirp controlling pulse
(15 £5/400 nm with Ieoneo=3.0%10"* W/ecm?) with the chirp
forms of d(t)=—{tanh(t/200). It shows that with the increasing
of the chirp, the harmonic cutoff has been further extended.
Especially for ¢=0°, 3=3.0 and ¢=60° 3=1.0 two cases,
two supercontinuums with the bandwidths around 270 eV
can be obtained, as shown in Fig. 6¢ and d (solid red lines
and these are the optimal chirp parameters under the present
laser field). To explain the chirp effect on the harmonic exten-
sion process, in Fig. 7a and b, we present the laser profiles of
the above chirped combined fields. According to the ‘three-
step’ model, we know that the electron is ionized around the B
point and accelerated away from the ion core. Further, when
the electric field inverses its direction around C point, the
electron is first decelerated and then accelerated reversely.
Finally, the electron can recombine with its parent ion at D
point and emit a harmonic photon. From analyzing the laser
profiles, we see that due to the introduced chirp, the B-C-D
process has been broadened. Thus, the electron must take
much more time in its processes of accelerating and returning
to the parent ion, which is responsible for the extension of the
cutoff energy [8].

Figure 8a-d shows the time-frequency distributions of the
four cases: the single 5 fs/800 nm pulse with [,=2.0x10"> W/
cm? at (i) ¢=0° and (ii) ¢=60°; and the combination of 5 fs/
800 nm and 15 £s/400 nm pulses with Iegnror =3.0% 10" W/
em? at (i) $=3.0, @=0° and (iv) p=1.0, ¢=60°. Clearly,
there are two main emission bursts on the harmonic emission
and the maximum energy values are all in good agreement
with the quantum results shown in Fig. 6. Moreover, each
burst receives two contributions from the long quantum path
(right path) having earlier ionization and later recollision and
the short quantum path (left path) with later ionization but
earlier recollision [48]. For the single laser field two cases
(Fig. 8a and b), we see that the contribution from the short
quantum path is higher than that from the long quantum path,
which is responsible for the small modulations on the
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Fig. 6 (a) Left column: the HHG
spectra as a function of the CEP of
@. Right column: the HHG
spectra at two special CEP values,
i.e., @=0° (solid black line) and
@=60° (solid red line). Other
parameters are the same as those
in Fig. 1a. The HHG spectra for
the cases of adding (b) a static
pulse at ri=0.2 and @=0° (solid
red line); (¢) a 15 £5/400 nm chirp
controlling pulse with 3=3.0,
Leonwor=3.0x 10" W/cm?, and at
©=0° (solid red line); and (d) a
15 fs/400 nm chirp controlling
pulse with 3=1.0, Isongo=3.0%
10" W/em?, and at =60 (solid
red line). The HHG spectra from
each single laser field are also
shown (solid black line) for
comparison

Fig. 7 (a) Laser profiles of the
single 5 £s/800 nm, (@=0° pulse
(solid black line) and the 5 fs/
800 nm+ 15 fs/400 nm chirped
pulse with @=0° and 3=3.0. (b)
Laser profiles of the single 5 s/
800 nm, @=60° pulse (solid black
line) and the 5 £s/800 nm+15
fs/400 nm chirped pulse with
©=60° and $=1.0
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Fig. 8 (a)«(d) Time-frequency results for the four optimal cases as illustrated in the text. (e)—(h) Temporal profiles of the isolated attosecond pulses by

superposing the harmonics in the aforementioned four cases

harmonic spectra shown in Fig. 6a right column. Furthermore,
with the introduction of the controlling chirp pulse (Fig. 8c
and d), the short quantum path is well selected to contribute to
the harmonic emission, which proves to be favorable in gen-
erating an isolated ultrashort attosecond pulse.

Figure 8e-h shows the temporal profiles of the attosecond
pulses. Due to the fact that the harmonics do not emit at the
same time, the selection of an entire supercontinuum region
no longer provides the perfect possible situation for generating
an attosecond pulse [8, 49]. Therefore, by properly superpos-
ing the selected harmonics on the above harmonic spectra
(that is, from the 100th to the 150th for case (i), from the
145th to the 195th for case (ii), from the 120th to the 165th
for case (iii), and from the 200th to the 250th for case (iv)).
Four isolated attosecond pulses as short as 77, 68, 58, and 56

@ Springer

as can be directly obtained, as shown in Fig. 8e-h,
respectively.

Conclusions

In conclusion, by solving the 1+1D-NBO-TDSE, we have
studied the asymmetric molecular harmonic emission and
the attosecond pulse generation from the diatomic asymmetric
charged molecule HeH?". The intense resonance peak and two
identified cutoff energies are evident characteristics found in
the harmonic emission process. A detailed analysis of the
electronic and the vibrational energies reveal that the laser-
induced electron transfer between the electronic state and the
vibrational state, is responsible for the blue shift resonance
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peak on the harmonic spectrum (in comparison with the BOA
result). Meanwhile, the two ionization pathways and six har-
monic emission channels are responsible for the two cutoff
energies and the harmonic structure. Finally, by optimizing
the laser parameters within the one-color and two-color
schemes, we have found four optimization conditions, under
which an isolated attosecond pulse, with a duration of 77 as or
68 as for the one-color scheme) and 58 as or 56 as for the two-
color scheme, has been directly generated from the HHG
spectra of the asymmetric molecule HeH*"
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